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Abstract 

We propose new solutions to the neutrino mass problem in theories 
with large extra dimensions in a thick wall scenario. It has recently 
been argued that our 3-brane could be a thick wall at the boundary of 
the bulk. The gauge bosons and the Higgs scalars have an almost flat 
profile on this wall, while fermions could have localized profile with 
left-handed and right-handed components displaced with respect to 
each other. We point out that with split fermions it is possible to 
generate Majorana neutrino masses contributing to the neutrinoless 
double beta decay. The almost degenerate neutrinos can also come 
out naturally in this case. Unlike other models of neutrino masses in 
extra dimensions there are no bulk fields in this scenario. 



The recent developments in theories with extra dimensions have changed 
our conventional idea about physics beyond the standard model . In usual 
theories the weakness of gravity is attributed to the very small coupling 
of the gravitational interaction. This leads to the very high Planck scale 
where gravity could become strong and could then influence the standard 
model. In theories with large extra dimensions one assumes that there are 
extra dimensions in which gravity propagates, whereas the ordinary standard 
model particles live in a 4-dimensional wall at the boundary of the extra 
dimensions. Then the gravitational interaction strength in the bulk could be 
strong and the overlap of the graviton wave function in our 3-brane at the 
boundary makes gravity weak in our world. This would then allow a very 
low fundamental scale of about TeV replacing the effective Planck scale in 
the theory. 

The main advantage of these theories with extra dimensions and TeV 
scale gravity is that there is no gauge hierarchy problem, but there is new 
problem of absence of any large scale. The smallness of neutrino mass is 
usually attributed to the large lepton number violating scale. But there is no 
large scale in the theories with extra dimensions, so these mechanisms can 
not be used. Consider the effective 4-dimensional operator in the standard 
model, which gives mass to the neutrinos 

Oeff = ^^^^d,LCt^^. (1) 

Since the highest scale in the theory of extra dimensions is the fundamental 
scale Mk, which is of the order of TeV, the effective neutrino mass comes out 
to be fairly large now, unless we can make the effective coupling constant fij 
to be small. 

There are several solutions to this problem, proposed with the same phi- 
losophy to make the coupling small 0, ^, § . In theories with extra dimensions 
all standard model particles reside in the four-dimensional wall. Gravity now 
propagates in the higher-dimensional space and the overlap of the wave func- 
tion of the gravitons with the four- dimensional wall is very small. So, the 
gravity coupling to matter in our world is suppressed by the volume of the 
extra dimensions. Similar to gravity if there are some bulk particles which 
move in all dimensions (which constitute the bulk of space in the extra di- 
mensions as compared to our wall which is confined only at one end), their 
overlap in our brane would be small and that can give a small neutrino mass 
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in our brane [0, ^]. This gives a Dirac mass to the neutrinos. In another 
scenario lepton number is broken in another distant brane, or in the bulk, 
which is then conveyed to our brane by a bulk scalar field ^ . The profile 
of the bulk scalar then can give a small effective coupling constant. 

Recently it has been suggested that to solve the fermion mass hierarchy 
one could consider a thick wall scenario, in which the left and right-handed 
components are localized at different points with small overlap in the thick 
wall H, ^ P, 0. Our 3-brane now has a spread (unlike other models where 
our 3-brane is confined to one point in the extra dimensions) in the extra 
dimensions. The gauge and the Higgs bosons can propagate anywhere within 
this thick brane and they have an almost constant profile in our brane. Only 
outside this thick wall their profile falls off exponentially. However, within 
this thick wall the fermions are confined at different points with definite 
profiles. The overlap of the different fields in any interaction then gives the 
hierarchical Yukawa couplings |^. 

We extend this scenario to explain the smallness of the neutrino mass 
and show that tiny Majorana neutrino masses come out naturally from this 
scenario. We do not require any bulk fields to make the neutrino mass 
small. In the present scenario we break lepton number in our brane at the 
fundamental scale, but because of the small overlap of wave functions of the 
required fields with each other the effective coupling constant fij comes out 
to be very small naturally. 

The thick wall scenario was proposed to solve the problem of hierarchy 
of fermion masses The fermions are localized at different points in the 
higher- dimensional space. This can come from string theory depending on the 
construction of the p-branes, but there is also a field-theoretical realization of 
this idea. Consider a five-dimensional example, with z = {x, y} and y as the 
coordinate of the fifth dimension, in which a five-dimensional fermion \l/ and 
a scalar S couple through a Yukawa coupling term ~ / d^zS^"^. If the scalar 
field has a position-dependent vacuum expectation value, which changes sign 
at a point y^ in the extra dimension, then the fermion will be localized at j/o 
with a Gaussian profile in the extra dimension centered around yo 

<i/ix,y)=Ae-^''^y-y°^'ij{x), (2) 

where ip is a normalized four- dimensional massless left-handed fermion, A = 
(2/i^/7r)^/^ is the normalization and ^ = Jd < S > /2is related to the slope 
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of the scalar field profile, yo = for a massless five-dimensional field \E', but 
when a mass term is added for a particular fermion field / d^zMi^i'^i, that 
field is localized aX y^ = yi = Mi/2ij? . 

A generic five-dimensional Yukawa interaction now gives 

Cy = j d^z^K<^^!imj = J d^xXi/jii/jjcf), (3) 

where L is the domain wall width and the effective four-dimensional Yukawa 
coupling constant comes out to be 

A = / dynAe-^'^y-y'^' Ae-'^'^y-y^'^' = fi;e-'^'(^»-^^)'/2. (4) 



In general, n could depend on the indices i, j, but for purpose of simplification 
it is assumed that there is only one constant. is the standard model Higgs 
doublet contained in the five-dimensional scalar $. The Gaussian width 
has to be much larger than the wall thickness L for this mechanism to work, 
but for the field theoretic description to work there is a limit /i^L < M*, 
where M^, is the fundamental scale in the problem. Combining with other 
constraints, the requirement that the Yukawa coupling to be perturbative at 
now gives 

< < lOOOL-i and L'^ < fi< 30L-\ (5) 

Constraints from flavor changing neutral currents mediated by the Kaluza- 
Klein gauge bosons constrain the wall thickness L^^ > 100 TeV. 

Let us now consider the neutrino sector. Although the neutrino masses 
were discussed in the context of thick wall scenarios 0, our proposed mech- 
anisms differ from them. Here we do not require any bulk particles and the 
neutrinos get a lepton number violating Majorana mass. Moreover, in this 
scenario the neutrino masses could be almost degenerate, so that they can 
contribute to the dark matter of the universe and also explain the neutrino- 
less double beta decay |jlO|, |ll|. In other models of neutrino masses in extra 



dimensions there is no natural mechanism to explain the almost degenerate 
neutrinos. Even in ordinary theories it is difficult to accomodate an almost 
degenerate Majorana neutrino naturally. Starting from a grand unified the- 
ory and if one evolves the Yukawa couplings in supersymmetric models, it 



becomes difficult to maintain the degeneracy ||12|. First we propose two dif 



ferent possibilities, each of which has some difficulties. Then we consider 



4 



a more general model combining both the mechanisms, which has several 
interesting features. 

First we introduce only right-handed neutrinos for three generations N^r, 
a = 1,2, 3, which are singlets under the standard model gauge group. We 
then allow all possible renormalizable interactions consistent with the stan- 
dard model gauge symmetry. The Majorana mass term of the right-handed 
neutrinos will then violate lepton number and set the scale of lepton number 
violation. The interactions of the right-handed neutrinos are given by 



(6) 



where Ul is the left-handed lepton doublet and the Majorana mass of the 
right-handed neutrinos violate lepton number = M^. We have written 
this interaction in terms of four- dimensional fields. The fifth dimension has 
been integrated out to get these effective coupling constants hia and the 
Majorana mass term M^ap- At this stage, this is exactly similar to the usual 
see-saw mechanism of neutrino masses [r3|. 

Since any lepton number violating effective interactions of the left-handed 
scalars can originate only from these two interactions, the lepton number 
violating mass scale (M^) in equation (|T]) should be given by Mat and the 
coefficients fij should be determined by hia. So, although the Majorana 
mass term of Nr would allow the effective lepton number violating operator 
(|l]) with very little suppression from the scale of lepton number violation 
< M*, the effective coupling now could be very small. 

The above mentioned effective four-dimensional interactions come from 
five-dimensional terms in the Lagrangian 



Yuk 



(fz 



SO that 



M5 exp 



-fx- 



; iVNa -yNfif 



K exp 



: {yii - Vno 



(7) 



(8) 



The diagonal elements of are all the same and equal to M5. The right- 
handed neutrinos could be separated in space so that the mass matrix is 
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diagonal and given by an identity matrix. But in general they could be 
neighbours and the mass degeneracy could be broken. We demonstrate this 
with an example. 

Consider the charged lepton mass matrix to be diagonal. Then the re- 
quired mass hierarchy could be achieved with the configuration of the left- 
handed lepton doublets k and the right-handed charged leptons Cj given by 
(similar to ref. 0) 



/. = /i-i ; and = fx'^ 3.95 . (9) 






We further assume that the multiplets of the same SU{2)i representations 
to be located at the same place in the fifth dimension. Then both and 
(contained in /j) will be located at the same place with the same profile, 
and the configurations of ViL are the same as given for U. If the right-handed 
neutrinos are now localized at 



the Yukawa couplings and the right-handed Majorana mass matrix will be 
given by 

/ 0.093 5.7 x 10-^ 1.3x10-^ 
hi^ = 5.7 X 10-^ 0.093 0.248 
V3.2xl0-i° 3.8x10-^ 0.0012 

and 

/ 1 0.135 0.0059 \ 

MNap = Mo 0.135 1 0.486 , 

V 0.0059 0.486 1 / 

where Mq = < M^, is the scale of lepton number violation. In this 
example we considered Mq ~ 10^ GeV. The eigenvalues of the left-handed 
neutrino mass matrix 

come out to be 10~^ eV, 0.0062 eV and 0.065 eV, which are the masses 
required to explain the atmospheric neutrino anomaly and the large mixing 
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angle solution of the solar neutrinos. The correct mixing angles come out 
only when the charged lepton mass matrix is not diagonal or the neutrinos 
are spread over more than one extra dimension. 

We now consider another possibility of Majorana neutrino mass genera- 
tion in the thick wall scenario. Instead of a right-handed neutrino we now 
introduce a triplet Higgs scalar in the theory [|1^. The interactions of the 
five-dimensional triplet Higgs scalar now violate lepton number ex- 

phcitly 



(11) 



From these interactions we can derive the four- dimensional effective interac- 
tions 



d X 



(12) 



This gives a Majorana neutrino mass to the left-handed neutrinos 



m. 



(13) 



The effective four- dimensional Yukawa coupling constant fij is given by 

fij = I dym e-^^'^y-yi^' e-^^'^y-y^^' ^-^^^y-y^^' 



- Hi exp 



■y(l/i-%)^ 



■ exp 



Vi + Vj 

-r — — 



■ (14) 



Ui and i/j are the positions at which the leptons are localized and is the 
point in the fifth dimension where the triplet Higgs is localized. The first term 
gives a suppression depending on the separation of the two neutrinos, while 
the second term gives a suppression depending on the average separation of 
the neutrinos compared to the triplet scalar. For the diagonal elements, the 
first term is identity, while for the off-diagonal elements they are almost zero. 
So, in the basis in which the charged lepton mass matrix is diagonal, all the 
off-diagonal elements vanish and the neutrino mass matrix always comes out 
to be diagonal. Since the standard model Higgs doublet has a spread over 
the entire thick wall, it has complete overlap with the triplet Higgs scalar 
and there is no suppression for the other coupling /i^. The lepton number 
violating scale is now given by = ~ /i^ < M^,. 
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So in the thick wall scenario only with a triplet Higgs scalar, it is not 
possible to get a neutrino mass matrix with the required mixing in the flavor 
basis. However, an interesting case may emerge when we include both the 
triplet Higgs scalar and the right-handed neutrinos [1^ . We shall also assume 
two extra dimensions, which is anyway required for satisfactory quark mass 
matrices. Then we consider the possible localized positions of the left-handed 
and right-handed neutrinos and the triplet Higgs, as shown in figure |l|. 



Profile of Higgs doublet ^ 



Triplet Higgs ^ 



V V 



Figure 1: Possible localized positions of neutrinos and the triplet Higgs with 
two extra dimensions. 

The positions of the left-handed neutrinos are determined by the charged 
lepton mass hierarchy and the possible pattern of the mass matrix. We thus 
present a scenario of diagonal charged lepton mass matrix. The Higgs doublet 
is spread over the entire thick brane and all fields have the same overlap 
with the Higgs. There will be very little suppression due to the volume of the 
Higgs profile L in the extra dimension, but that is the same for all the fields 
and may be absorbed in the definition of the higher-dimensional coupling 
constant. 

The triplet Higgs now has equal average distance from all the three gener- 
ations of left-handed neutrinos. As a result, the contributions to the diagonal 
elements of the Majorana mass matrix of the left-handed neutrinos are equal. 
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On the other hand, in the basis in which the charged leptons are diagonal, 
the Majorana mass matrix generated by the triplet Higgs is also diagonal. 
So, we have an exactly degenerate diagonal mass spectrum for the neutrinos 
coming from the triplet Higgs. If we now assume that the lepton number vi- 
olating scale is around ~ 10^ GeV, then a separation between the mean 
location of the triplet Higgs to the mean location of the left-handed neutrinos 
of 5.35 would give a neutrino mass matrix 

/I 0\ 

m\i^ = (0.4 eV) X 1 (15) 
Vo l) 

in a basis in which the charged leptons are diagonal. We assumed that the 
separation of the left-handed neutrinos is determined by the charged lepton 
mass hierarchy as discussed earlier. 

The right-handed neutrino mass matrix will now be most general. The 
mixing angle comes out as required for suitable choice of the distances in 
this two-dimensional plane. There is only one restriction that a hierarchical 
neutrino mass spectrum is only possible numerically, once the left-handed 
neutrino locations are determined to get the hierarchy of the charged lepton 
mass matrix. One possible neutrino mass matrix which could emerge in this 
scenario is given by 



m^,j. = (0.025 eV) 



/ 0.00004 

0.005 1.0 0.9 I . (16) 
V 0.01 




This can explain the solar and atmospheric neutrino anomalies. This mass 
matrix predicts an almost maximal mixing with mass squared difference of 
0.002 eV^ to explain the atmospheric neutrinos. A mass squared difference 
of 6 X 10^^ eV^ with a mixing angle of sin^ 2^ ~ 5 x 10~^ solves the solar 
neutrino problem with the small mixing angle solution. 

A more interesting scenario emerges when the see-saw and the triplet 
Higgs scenarios are combined. In this case an almost degenerate neutrino 
comes out naturally. It would then be possible to explain the recent obser- 
vation of the neutrinoless double beta decay [|ll|] by this hybrid model. In 
this case the neutrino mass matrix becomes, 

m-^=m-^^^^+rh''^.^^ (17) 
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where m^^^- is given by equation (^). We now require a different see-saw 
contribution than the one given for the hierarchical neutrino mass scheme. 
In this case it is not possible to obtain the small mixing angle solution to 
the solar neutrino problem. With two extra dimensions, it is possible to get 
a mass matrix of the form 

/O.l 1 1\ 

m'^^.. = (0.0012 eV) 1 a l\, (18) 
V 1 la) 

where a < 0.05. The complete neutrino mass matrix given by equation (|l7|) 
then gives almost degenerate mass matrix, with all the masses to be about 0.4 
eV. This can explain the neutrinoless double beta decay and can contribute 
to the hot component of the dark matter of the universe. A mass squared 
difference between and u^- of 2.8 x 10~^ eV^ with maximal mixing solves 
the atmospheric neutrino anomaly. The mass difference between Uf. and Ut- 
comes out (for a = 0) to be 6 x 10~^ eV^ with mixing angle sin^ 29 ~ 0.56, 
which can provide the large mixing angle MSW solution to the solar neutrino 
problem. 

In summary, we proposed models of neutrino masses in a thick wall sce- 
nario in which the left-handed and right-handed components have split iden- 
tity. While the model with a right-handed neutrino can explain the neutrino 
oscillation experiments, the model with triplet Higgs can give only a diago- 
nal neutrino mass matrix. Combining the two with two extra dimensions, it 
is possible to obtain an almost degenerate neutrino mass matrix naturally, 
which can explain the solar neutrinos, atmospheric neutrinos, and also con- 
tribute to the dark matter of the universe and explain the neutrinoless double 
beta decay. 
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